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Abstract

A population balance model is derived for heat transfer processes in gas—solid systems with intensive motion of particles in order to
describe the temperature distribution of particulate phase. The model involves collisional particle—particle and particle-wall heat trans-
fers, and continuous gas—particle, gas—wall and wall-liquid environment heat transfer processes. Collisional heat transfers are character-
ised by collision frequencies and random heat exchange parameters with general probability distributions with support [0, 1], describing
the heat transfer efficiency between the colliding solid bodies. An infinite hierarchy of moment equations, describing the time evolution of
moments of the temperature of particle population is derived from the population balance equation, which can be closed at any order of
moments. The properties of the model and the effects of parameters are examined by numerical experiments using the second order

moment equation model of a spatially homogeneous fluidized bed.

© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

In modelling heat transfer in gas-solid processing sys-
tems, five interphase thermal processes are to be consid-
ered: gas—particle, gas—wall, particle-particle, particle—
wall and wall-environment. In systems with intensive
motion of particles, the particle-particle and particle-wall
heat transfers occur through interparticle and particle-wall
collisions so that both experimental and modelling study of
these collisional processes is of primary interest.

Particle—particle and particle-wall heat transfers may
result from three mechanisms: heat transfers by radiation,
heat conduction through the contact points between the
collided bodies, and heat transfers through the gas lens at
the interfaces between the particles, as well as between
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the wall and particles collided with that. The first mecha-
nism seems to be negligible below temperature 600 °C
and will not be considered here. Heat conduction through
the contact points was modelled by Schliinder [1], Martin
[2] and Sun and Chen [3] developing analytical expressions
for particle-particle and particle-wall contacts. Often,
however, the conductive heat exchange can hardly be iso-
lated from the third mechanism occurring through the
gas lens at the interfaces of the colliding bodies. Based on
this mechanism, Delvosalle and Vanderschuren [4,5] devel-
oped a deterministic model for describing particle—particle
heat transfer, while a model for heat transfer through the
gas lens between a surface and particles was derived by
Molerus [6]. Blickle et al. [7] and Mihalyko et al. [8], based
on the assumption that most factors characterising the
simultaneous heat transfer through the contact point and
the gas lens are stochastic quantities described the colli-
sional interparticle heat transfer by means of an aggrega-
tive random parameter.
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Nomenclature

a surface area, m”
Ar Archimedes number (A4r = g,ogdz(pp - pg)/ué)
b conversion density function
B conversion distribution function
¢ specific heat, J kg~' K™
diameter of the bed, m
1 diameter of the cooling jacket, m
' density function
distribution function

D
/
F
g acceleration of gravity, m s>
G
h
K

growth rate of particle temperature, K s

heat transfer coefficient, Wm 2> K !

g rate  coefficient  of
(Kpg = hpgtipel (mpcp))

k thermal conductivity, Wm ™' K™

m mass, kg

M

temperature, S

A kth order moment of particle temperature
my normalised kth order moment of particle tem-
perature
number of particles
n population density function, no. m > K™

population distribution function, no. m >

Nu,  Nusselt number for gas (=hgwD/k,)
Ny, Nusselt number for liquid (=h,D/k))

(0] order of magnitude
D; weight parameter (=myc/(myc; + mycy))
Dic weight parameter (=mc;/(mjc; + mycy))

Pr,g Prandt]l number for gas (= pyco/ky)
Pr, Prandtl number for liquid (= wa/ky)

0 heat, J
q volumetric flow rate, m®s™!
r source function

Re, Reynolds number for gas (= pgtteD/ 1)
Re Reynolds number for liquid (= puy(Dy — D)/ )
Re,  Reynolds number for particle (= pgitedy/ i)

S activity function, frequency of collisions
T temperature, K
t time, S

superficial velocity, ms™!

volume, m?

vector of space variables
variable

variable

Heaviside function

scalar product of functions

/.\HNERQ:

<

Greek symbols

contact time, s

vector of random parameters

beta function

density, kgm >

Dirac-delta function

parameter

random parameter of heat transfer
smooth function of compact support
viscosity, Pa s

void fraction of the bed

weight parameter (0 < ¢ < 1)
variance of particle temperature

QST E/S L A ST HDD

Subscripts and superscripts

w random parameter

g gas

in input

1 liquid

max  maximal value

mf incipient velocity of fluidization
min minimal value

p particle

pg particle—gas

pp particle—particle

pw particle-wall

t entrainment velocity of fluidization
w wall

wg wall-gas

wl wall-liquid

Various models have been used for making possible of
computing the effects of collisional heat transfer processes
in gas-solid systems with intensive motion of particles. Li
and Mason [9], simulating non-isothermal gas—solid two-
phase flow in pneumatic transport pipes by a distinct ele-
ment method (DEM) included both the particle—particle
and particle-wall heat transfer processes. Lathouwers and
Bellan [10] modelled the thermofluid dynamics of dense
gas—solid reactive mixtures in fluidised beds using a
multi-fluid approach and taking into consideration also
the effects of particle—particle heat transfer. Mansoori
et al. [11] modelled an upward vertical turbulent gas—solid
duct flow including the collisional particle-particle heat

transfer into a four-way interaction Eulerian—Lagrangian
computational scheme. An age distribution model was
applied by Burgschweiger and Tsotas [12] for describing
particle-particle heat transfer in modelling gas fluidised
bed drying. Zhou et al. [13] used the discrete element
method-large eddy simulation (DEM-LES) to model coal
combustion in a bubbling fluidised bed computing also col-
liding particle—particle heat transfer. Mihalyké et al. [14],
using a stochastic approach derived a population balance
model for heat transfer in gas—solid systems taking into
account the particle-particle heat transfer. Mansoori
et al. [15] included both the collisional particle—particle
and particle-wall heat transfer events into the four-way
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interaction Eulerian-Lagrangian model of gas—solid turbu-
lent flow in a riser. Chagras et al. [16] modelled turbulent
gas—solid flows in heated pipes using an Eulerian-Lagrang-
ian approach considering collisional heat transfer by con-
duction and handling interparticle collisions by means of
a probabilistic model. Lakatos et al. [17,18] and Siile
et al. [19] extended the population balance model for spa-
tially distributed systems, coupling the population balance
equation of particles with axial dispersion and compart-
mental models of particle flow.

Most of the works modelling explicitly heat transfer
processes by collisions handled also the particle-wall
heat transfer by deterministic models, using the analyti-
cal expressions of Sun and Chen [3] and Molerus [6].
The particle-wall contact characteristics, such as contact
time, contact angle and contact distance, as it was
shown by Sommerfeld [20,21] studying a turbulent
two-phase flow in a vertical channel by experiments
and simulation, and demonstrated by Hamidipour
et al. [22] experimentally applying radioactive particle
tracking in a gas—solid fluidised bed are, in principle,
of probabilistic nature. Therefore, the random parameter
heat transfer model [14,18] can also be applied for
describing heat exchange by particle—wall collisional
interactions, formulating in this way a comprehensive
population balance model for heat transfer processes
in non-isothermal gas-solid systems characterised by
intensive motion of particles.

In the present paper, the population balance model is
extended to describe also wall-particle heat transfer pro-
cesses by collisions, taking into account the gas—solid,
wall-gas and wall-environment heat transfers as well.
The modelling problem of a continuously operated gas—
solid system is considered in which both the gas and solid
phases are assumed to be well mixed. Using this approach,
a population balance model is developed for describing the
variation of the temperature distribution of particles, and
of the gas, wall and environment temperatures. An infinite
hierarchy of moment equations is derived, and a second
order moment equation model is applied to investigate
the properties of the model and to analyze the system heat
transfer processes by simulation.

2. Particle—particle and particle-wall heat transfer:
population balance equations

Consider a continuous gas—solid system into which par-
ticles of different temperatures are fed with constant volu-
metric flow rate ¢, while the gas of given temperature
flows in with volumetric flow rate g,, as it is shown sche-
matically in Fig. 1. Heat exchange occurs between the
gas, particles and the wall, as well as between the process-
ing system and the environment through the wall where the
environment is represented by a continuously flowing finite
capacity liquid medium. Since we are interested only in
heat transfer phenomena we assume no mass transfer pro-

Tiin(®), qu

n(T,,n, vV

n(T,,,t), dp
Tg,in([)5 ‘Ig

Fig. 1. Schematic diagram of a jacketed gas—solid fluidized bed.

cesses as it usually takes place in particulate energy conver-
sion systems.

Let us assume that the particles, because of mechanical
or hydraulic mixing of the suspension are in intensive
motion in the gas phase so that the particle—particle and
particle-wall heat transfers occur only by collisions. There-
fore, this is a typical disperse system with interactive pop-
ulation of particles so that we can apply directly the
modelling approach presented by Lakatos et al. [17,18].

Additional assumptions concerning the system are as
follows.

(1) The particles are of constant size and are not changed
during the process.

(2) The temperature inside a particle is homogeneous.

(3) The system is operated under steady state hydrody-
namic conditions, and the influence of thermal
changes on the hydrodynamics is negligible.

(4) The heat transfer between the gas and particles, wall
and gas, as well as the wall and environment are con-
tinuous processes.

(5) There is no heat source inside the particles.

(6) The heat transfer by radiation is negligible.

Under such assumptions, the state of a particle is
formed by four external variables, the space coordi-
nates and time, and a single internal variable being
the particle temperature. However, now we focus
our attention on developing the population balance
model describing the heat transfer processes so that
we assume:

(7) Both the gas and particle phases, as well as the envi-
ronmental cooling or heating medium are perfectly
mixed.

A perfectly mixed vessel represents a spatially zero-
dimensional system therefore the state of a particle
(x, T, t), reduces to the pair of variables (7}, ). As a con-
sequence, the state of the particle population is given by
the population density function n( 7, t) which, in principle,
describes the temperature distribution of particles and the
expression (7T, t)d T, provides the number of particles in
a unit volume of system having temperature in the interval
(T, Tp +dT}) at time ¢.
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Under such conditions, as it shown schematically in
Fig. 2, particles participate in gas—solid heat transfer, that
is a continuous local process, and simultaneously take part
in two non-local, non-continuous elementary heat
exchange processes: the first one occurs between the ele-
ments of the same particle population, while the second
process occurs between the elements of two different popu-
lations: the population of particles and the wall, being in
this case a degenerate single element population. Therefore
the population density function of the wall is given by the
Dirac-delta function ny(T,t) = (T — Tw(t)) where Ty(¢)
denotes the wall temperature at moment of time z. As a
consequence the population balance equation governing
the population density function of particles, derived as a
special case of the general form [18] is written as

an(Tp,t):_Vi(Gl;gn(Tp,t))

ot oT,
Tpmax T'p,max
/T Spp(Tp|2)bpp (T ¥z, 2pp)

1
s
Qp N (t) T min pmin

x n(Ty, t)n(z,t) dzdyF’
T'pmax T'p,max
/T Spp(12)bpp (v, Tplz, @pp)

1
+V / — /
Qpp N(t) Tpmin p.min

x n(y, t)n(z, t) dydzF,,,, (dwy,)

_V/QW/T

x n(Tp, t)ny(z,t) dzdyF,

V

©pp (depp)

T max T'w,max
[ smeb(Tson)
T,

p.min w,min

(dopy)

Wpw

Ty, max T'pmax
y / / / Sou (12) By (3, Tplz, )
Qpy JT. T,

w,min p,min

X }’l(y, t)nw (27 t) ddeprw (d(i)pw)

T'p,max
+V/ Nl(t) / P r(Typ,tlz,0)n(z, t) dzFo(d0, )
] .

T min
(1)

where

o= [ T (T dT,, )

p.min

V is the volume of the system, and 0 denotes some vector of
random variables characterising the possible random ef-
fects on the source term of particles.

The first term on the right hand side of Eq. (1) describes
the variation of the population density function n(Tp, t) due
to gas—solid heat transfer where

pg _ dT,(7) _ gt
GT - T - R(Tg(t) - Tp(t))
= Kpo(Tg(1) — T(1)) (3)

is the rate equation of the temperature of a particle of mass
my, immersed in the gas of temperature 7.

Particle-wall interaction

Wall surface

Input surface:

Output surface:
V(T 0)=mi(Ty. 1) P

Vi(T,,0)=q,n(T,,1)

Particle-gas interaction

Particle-particle interaction

Fig. 2. Schematics of interactions of particle population in a continuous
gas-solid system with intensive motion of particles.

The second and third terms on the right hand side of Eq.
(1) represent non-local changes of the population density
function due to interparticle collisions, while the third
and fourth terms describe the variation of n(Tp, 1) as a
result of collisions of particles with the wall. Here, two dif-
ferent pairs of functions express the intensities of interac-
tions of particles with other particles and the wall,
respectively. S,,(7p|z) denotes the activity function cha-
racterising the intensity of collision interactions between
the particles inducing discontinuous temperature changes
inside the particles, while by,,(y, Tp|z, wpp) is the conversion
density function describing the results of these events, i.e.
bpp(y, Tp|z, wpp)d Ty, expresses the fraction of particles that
become of temperature (7, T, + d7},) as a result of colli-
sional heat transfer interactions of particles of temperature
y collided with particles of temperature z in a heat transfer
process characterised with random parameter w,,. The
activity and conversion density functions Spw(7p|z) and
bpw(y, Tp|z,0pyw) have similar interpretations for particles
with respect to particle—wall collisional heat transfer inter-
actions where now z denotes the wall temperature. In this
case, the result of a particle-wall heat transfer event is char-
acterised by the random variable wp,,.

In the present system, the feed and withdrawal rates of
particles are the only source and sink terms which can be
written as Vi(Tp,t|z,0) = qp(t)nin(Tp, t) — qp(t)n(Tp, 1) 5O
that the last term on the right hand side of Eq. (1) takes
the form

1 Tp.ma\x
V/—/ r(Ty, tlz,0)n(z,t)dzFy(d0, ¢
o N([) - ( p | ) ( ) 0( )

= q,()min(Tp, 1) — 4, ()n(Tp, 1) 4)

where it was assumed that the feed and withdrawal rates of
particles do not depend on the particle population itself
and have no random components.

Since the population density function of the wall is, in
principle, the density function of a degenerate distribution
thus the population balance equation for that, i.e. the
counterpart of Eq. (1) for the “second population” could
be given only in weak formulation. Therefore, the popula-
tion balance equation for the wall is written as
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(0.2250) = (057 @nr.0) ) = (0.5 (G

Tpmax Tw.max
- <(p7/ / / Swp(Tw|Z)bwp(TWay|Z7 (Uwp)
Qup JT, T

p.min w.min

X ny (T, t)n(z,t) dzdyme (dwwp)>

Tpmax Ty max
+ <(Pv / / / Swp(V[2)bup (7, Tz, @wp)
Qup JT, Jr,

X ny(y, )n(z,t) dy dzF (dwwp)> (5)

where ¢ is some smooth function of variable T with a com-
pact support, and (.,.) denotes the scalar product in the
appropriate function space. G;® and GVTV1 are continuous
rates of change of the wall temperature due to gas—wall
and wall-liquid environment heat transfers, respectively,
while the third and fourth terms on the right hand side
of Eq. (5) describe the variation of the wall temperature in-
duced by collisional heat transfer between the wall and
particles.

In order to close these model equations the constitutive
expressions for the activity functions Spp, Spw and Sy, as
well as for the conversion density functions by, by, and
byp have to be determined.

3. Constitutive expressions

The activity functions S, Spw and S, which character-
ise the intensities of particle-particle and particle-wall
interactions are, in principle, products of the collision fre-
quencies S9(T|T'),S5o(T|T") and Si(T|T'), and heat
exchange terms Sy (7|7"), S, (T|T") and S3 (T|T"). Here,
the heat exchange terms express the ratios of collisions of
two bodies in which the collision event is associated with
equalization event of temperatures. In other words, the
heat exchange terms characterise the efficiency of collisions
with respect to heat transfer between the colliding bodies.
Since heat transfer deciding at this level on homogenisation
of temperature is a spontaneous process, i.e. it occurs in
each collision to some extent, thus the heat exchange terms
equal to unity identically: S3(7|7") = Sy (T|T") = Sy,
(T|T") = 1. As a consequence, S,,(T|T") = S;‘;(T|T’) and
Sow(T|T") = Sy (T|T") = S;‘\’VI(T|T’). Note that the collision
frequency may depend on the temperature indirectly
through the temperature dependence of the density and vis-
cosity of the gas phase.

In order to develop the conversion density functions by,
bpw and by, we consider an encounter of two solid bodies
of mass m; and my, temperatures 7; and T, and heat capac-
ities ¢; and c;. If these bodies collide at moment of time
t = 0 and remain in contact for some time 6 then some heat
exchange occurs between them as it shown in Fig. 3.
Assuming that this heat transfer can be described by the
heat transfer coefficient # then the equations describing
the variation of temperatures of bodies are:

a
my, Tp my, Ty (0)=T, +@,(T,"-T, )2
ny, Tp” my, Tp”(9)=Tp”‘wpp(T})”'Tp’)/z
b

nmy, Tp(g): Tp y"'pw Q)pw(Tw ,'Tp ,) my, Tw(g)z Ty "pp(l)pw(Tw ,'Tp ’)

,
m,, T, my,, T,

Fig. 3. Illustrations for collisional heat transfers (a) between two particles,
and (b) between a particle and the wall.

m;c; dlt = ha(Ti(1) — T;(¢)) (6)
dT(¢) B
kakT = —ha(Tk(t) — Tj(f)) (7)

subject to the initial conditions
T;(0) = Tjo, Ti(0) =Tk (8)

The solutions of the first order differential equations (6)
and (7) at time 0 become

mycCy
T(0)=Tg+———(Tpo—T;
,( ) jo + Y (Two jo)
1 1
x ¢« 1 —exp |—hab +—
m;cC; myCy
=T +p;o(Tw—Th) ®)
Tk(H) = Tko— ijJ ( kO_T'O)
m;c; + micy /
1 1
X <1l —exp|—had| —+
ijj mycCy
=Tw — pro(Tro — Tjo) (10)
where
o= 1—exp [_he(wﬂ
ijjn’lka
P, = MCy and p, = m;cj

m;c; + mycy m;C; + myCy



1638 B.G. Lakatos et al. | International Journal of Heat and Mass Transfer 51 (2008) 1633-1645

In Egs. (9) and (10), parameters /, a and 0 are, in principle,
random quantities since the quality and area of contact, as
well as the contact time in such collisions may depend on a
number of random conditions. Indeed, this transfer process
is a combination of conduction through the contact point
and through the gas lens around the contact point, which
depend on the shapes and velocities of the colliding bodies.
As a consequence parameter o € [0, 1], characterising the
efficiency of heat exchange between the colliding bodies is
a random function of the parameters 4, a and 0, and its dis-
tribution is entirely determined by their distribution func-
tions. The changes of temperatures of the bodies induced
by the collisions are given by Egs. (9) and (10), respectively.

Let us now assume that the two bodies suffering colli-
sions are two particles with equal masses and heat capaci-
ties. Then, m;c; = myc, = myc, and p; = p, = 5. Introducing
the notation T = T, Ty = T, we can write

—2h 0
W= wy =1—exp [—ppapp pp} and

myCy,
7 1 ! wPP
Tp(e)pr+(Tp—Tp)~7 (11)
from which
2(TP_T;)) +T/ _Tl/ (12)
Opp p— "p

Interpretation of Eq. (12) is that in heat transfer process
characterised with parameter w,, a particle with tempera-
ture T ; has to collide with particle of temperature T’ g to
achieve final temperature 7,. Taking now into consider-
ation the definitions of conversion functions, the conver-

sion distribution function of particle-particle heat
transfer takes the form
2(7, - 1)
4 1 4 Z
BPP(Tp’ Tp|Tpawpp) =1z, T+ Tp - TP
(13)
so that the corresponding density function is
Za
b (T’T|T”a)):57 M+T’ _T”i
pPP\* p Pt p pp p wpp P P wpp
(14)

When a particle and the wall are two colliding bodies, as it

shown in Fig. 3b, then denoting m;c; = mycp,, mpci = mycy,
_ _ My Cyy _ _ mpCp [ o)

pf - pP/_ MpCp ity Cyy " Py =Dw = My Cp iy Cy T-/O - TP and

Tw =T, we can write

—hpwapw Opw (mpcp + mwcw)

MpCpMMy Cyy

O 1= Wpy = Wyp = 1 —€eXp

Expression (10) is written as

Tp(0) = pyopw(Ty, = Ty) + T (16)

from which

Tp — T; ' /
L _PiT =T (17)
pwwpw

Eq. (17) expresses the fact that in heat transfer process be-
tween a particle and the wall, characterised with parameter
@pw, the temperature T, of the particle becomes T}, if the
temperature of the wall was 77, . As a consequence, the con-
version distribution function of the particle-wall heat
transfer for particles takes the form

U

/ / _ Tp - Tp / /
BPW(Tp7 To|T,, wpy) = 17, +T, | —T, (18)

pwaW

thus the density function becomes

1
pwaW .
(19)

!
bow (T, Tp|T", py) = & KT"_T"JFT’)—T’]
pw\L py L pldw) Wpw) — UT, p w

wapw

Finally, in the particle-wall collisional heat transfer we
consider the process from the side of the wall. Now expres-
sion (10) is rewritten as

Ty —T,

o T T, =T, (20)

based on which, since the change of the wall temperature is
related to T,(7) which is fixed at the moment ¢ the conver-
sion distribution function becomes

/ TW—T;\/ / /
BWP(Tiv’TW|Tp7wWP) = 17*‘~ [(m‘F Tw) - T;| (21)

while the conversion density function

Tw — T 1
bup(Ty, Tw|Ty, wp) = 01, [<7W + T;v> — T;]

pprP pp wWP

(22)

At this moment all constitutive expressions of Egs. (1) and
(5) have been derived and the heat balance model of the
process, applying the population balance equations (1)
and (5) can be determined.

4. Population balance model

Let us assume that the collision frequencies, depending
on the hydrodynamic and load conditions, are constant.
Then, substituting the conversion density functions (14)
and (19) into Eq. (1), taking into account relations (3)
and (4) and the properties of Dirac-delta function we
obtain
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on(Tp, 1) 3
oa 0T,

- ”(Tpv 1) — (Spp + SpW)”(Tp’ )

25, 1 [Tems fTomss [/2(T, —
e L LTl
Qo Prpp (t Wpp

Ty min T min

x n(y,t)n(z,t) dyszwpp (dawpp)

Tovma Tpmg. _
Qpw wapw Twmin < Tomin wapw

X n(y, t)dynw(z> t) dZprw (dwpw) (23)

[Kpe(Te(t) = Tp)n(Ty 1))+ 52 (i (T )

The heat balance equation for the wall is derived from Eq.
(5) where the power functions T¢, k=0,1,2,... can be se-
lected as test functions ¢ in the compact interval
[Tw.min> Tw.max] leading to the moments of the Dirac-delta
function representing the ‘“population density function”
of the wall:

<TﬂﬂT—Tﬁ0DanmxﬂﬂT—TNMdﬂ

w,min

k=0,1,2,... (24)

from which the first order moment provides the wall tem-
perature T,.

The first term on the right hand side of Eq. (5), describ-
ing the continuous gas—wall heat transfer with linear force
becomes

(1.7 Gl - )

_ / W‘“““r%@g( T)o[T — T (1)) dT

w,min

= TGr*(T)o[T — Tw(D)][rum

w,min

- [ e - raar

w,min

= —Gr*[Tw(1)] (25)

that generates in the interval of time (¢,7 + d¢)
dQ\, = hugtwe(Te(t) — Tw (1)) dt (26)

change in the heat absorbed by the wall. The effect of the
wall-environment heat transfer can be formulated similarly
what provides the expression

del = —hwldwl(TW(l) - Tl(l))dt (27)

for that case.

As regards the effects of the particle-wall heat transfer,
particle-wall collisions induce small jump-like changes in
the wall temperature the results of which for the whole
population are expressed by the mean temperature of the
wall as

Tpm\x W,max
[ St Tz o)

p min T min

n(z,t)dzny (T, 1) dyF, (dwyy) >

Tpmd)\ Tvad)\
+(r / / / Sup(2)bup (0, Tz, )
Qup

p min Ty min

n(z,t)dzny(y,1) dyFpr(d(qu)> (28)

Substituting expression (22) for b, into Eq. (28) and rear-
ranging we obtain

Tp,max T'w,max
/ P / / + TW o
pr p min Twmin pp Cl)wp

(Z l) dZI’lW(T t) dyF“, dwwp >

Tp‘max
= /Q SWpPprp/T (Tp = Tw(0)n(Ty, 1) AT F o, (dryp)
wp

p.min

X

DPp®Pwp

Tp,max Ty max
/ P / /
QWP p min T min pp (J)wp

n(z,t)dzny (y,1) dyF,, (dwwp)>

X

Pp®wp

= =SwpPp1on (Tw ()Mo(t) — M, (1)) (29)

From the other side, collision of a particle of temperature
T, with the wall of temperature T, induces change of value
My CoPpWpw(Tp — Ty (1)) in the heat of the wall so that the
total amount of heat exchanged between the wall and par-
ticles of a unit volume of suspension is expressed as

dO,, = MmyCuwSwpppyuwp(Ty — T (2))n(Ty, 1) AT, dt. (30)
As a consequence, the heat balance equation for the wall
takes the form

dT(f)
dr
= hugwgVe(Tg(t) — Ty (1)) — hmaw V(T (1) —

Tp.max
wpmV\ yCw / / ppwvvp
Qpw min

where the first and second terms on the right hand side de-
scribe the total heat fluxes between the wall and the gas and
liquid, respectively, while the last term represents the total
heat flux between the entire population of particles and the
wall.

The heat flux between the gas and particles taken from
the temperature interval (7T}, T, +d7T},) in a unit volume
of suspension at time ¢ is expressed as

hpgtapg(Tg(t) — Tp)n(Tp, t)dT, (32)

Ti(1))
T (t))n(TIH t) dTPF“’wv (deP)

(31)
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where hpgap,,(Ty(t) — Tp) denotes the heat flux between a
single particle and the gas. Therefore, the total heat trans-
fer between the gas and the entire particle population im-
mersed in gas is given as

Vhpgttne / (T 40) = To0)n(Tp, )Ty, (33)

p.min

so that the heat balance equation for the gas phase takes
the form

dT,(t
Vpycet (ft( )
= qoPeCe(Tgin(t) — Tg(t)) — hugweVe(Ty(t) — Tw(2))
T'p,max
- W’pg“pg/ (Ty(t) = Tp)n(Ty,t)dT, (34)
T

p.min

where the first term on the right hand side describes the in-
put—output process, the second and third terms, represent-
ing, respectively, the gas—wall and gas—particle population
heat transfer fluxes are of the forms given by Egs. (26)
and (33).

Finally, based on similar considerations as Eq. (34), the
heat balance equation for the cooling or heating medium
playing the role of the environment of the system takes
the form

d
V] pPici

T](f)) — hyiaw Vl(Tl(t)

- TW(I))
(35)

(31), (34) and (35) subject to the

U _ gpaTi) -

The set of Eqgs. (23),
boundary conditions

(GFn(Ty, O)ly,,,,, =0 and
(GFn(Ty,1)) =0 (36)

|Tp.max*
and the initial conditions

n(Tp,0) =no(Tp), Tw(0)= Ty,

To(0) = Ty, T1(0) =T (37)

provides the population balance model of heat transfer
processes of the system. In order to investigate the proper-
ties of the model by means of simulation next the moment
equation model will be derived for the moments of temper-
ature of the particle population.

5. Moment equation model

Introducing the moments of the temperature of particle
population, expressed as

Tp.max
M (1) :/T Ton(Ty,0)dT,, k=0,1,2,... (38)
panin
we can derive an infinite set of the moment equations of the
system. Indeed, multiplying both sides of Eq. (23) by
T ]1;’ k=0,1,2... and integrating over the interval
[T min» Tp.max] after some suitable transformations we get
the following system of ordinary differential equations:

dM (1) g,

= V(Mkmo— () + KK (M1 (T (6) = Mi(0)
k k
0+ Spw ) BIM; (0T (1),
Jj=0 Jj=0
k=0,1,2,... (39)
subject to the initial conditions
Mi(0) =M, k=0,1,2,... (40)
where
PP — e Opp/ 1 — Do k=i d
Tk 0 j (T) ( _T) F‘“PP( wpp)v
k=0,1,2 =1,2,...k (41)

k=0,1,2,....j=12,...k (42)

As a consequence, the equations of the moment equation
model for the wall, gas and the environment are written

dTg(l) _ 9 hwgawg
G = el = Tu0) =5 (1,0) =T (0)
Ppgape

T (0T (0) M) @3)
e CUREO)

-2 (7,0 - Ti(0)

— ISuapym i (10 = M(OT() (44
d7:(2) hyiawi

G = (Tl) = Ti0) = (1)~ Tu(0). (49)

pi

The set of moment equations (39) form an infinite hierar-
chy, but, due to the linear nature of the rate of changes
of the particle temperature, this set can be closed at any or-
der so that the moment equation model consisting of Eqs.
(39), (43), (44) and (45) is, in principle, closed. However,
for computing the heat balance Eqs. (43)—(45) we need only
the zero and first order moments while the second and
higher order moments can be used to characterise the tem-
perature distribution of particles. Here, the set of recursive
differential equation (39) is closed at the second order mo-
ment, deriving in this way a second order moment equation
model for analysing the total heat balance of gas—solid sys-
tem and the variance of the temperature of particle
population:
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) = 52 00 () () )
dﬂ/glt(l) _ ‘%v (M1 (£) — My (2)) + Kpe(Mo(6)To() — M1 (1))

+ SpwPy1p, (M1 (1) = Ty (1)Mo(1)) 47)
dﬁift([) = q;‘“ (Mn(t) — My(2)) 4 2K g (M1 (1) T (£) — M3 (1))

+ Sppkpp <%E8 - Mz(t)> + 28wy o, (Tw ()M (1) — Mo (2))

+ Spupim, (Ma(t) = 2T (DM (1) + T3 (Mo (1)) (48)

where the coefficients of terms representing the collisional
particle—particle and particle-wall heat transfers are ex-
pressed by means of expectations and variances of random
parameters @y, and wpy,. In Eq. (48), we have

my o O-w
Kop = M1y (1 = 522 ) — =22, (49)
In assessing the simulation results, often the normalised
moments are used which can be computed from moments
(39) as

mk(t) Mk(t)

T Mo(t)’

k=0,1,2... (50)

Here, the first order moment m,(¢) provides the mean tem-

probability distributions either according to the kinetic the-
ory [20,24] or to experimentally derived distributions
[21-23]. Taking into account this influence by randomiza-
tion of the integral terms in Eq. (1) gives again constant fre-
quencies under given hydrodynamic conditions since these
quantities are not correlated with the remaining variables
in the integrals.

In numerical experiments, the hydrodynamic properties
of the fluidized bed were computed using correlations given
by Egs. (T1) and (T2), listed in Table 1, while the gas—wall,
wall-liquid and gas—particle heat transfer coefficients, all
based on physical properties of materials and the void frac-
tion of the bed were computed using Egs. (T3)—(T5), also
listed in Table 1.

The values of process parameters were taken constant
using their basic values shown in Tables 2 and 3 except
the parameter the effects of which on the heat transfer pro-
cesses were actually examined.

Table 2
Basic values of physical and thermal parameter used in numerical
experiments

Parameter Basic value

perature of the particle population. Besides, knowing the Solid particle: alumina Diameter, d, 1.8x 103m
first three leading moments the variance of the temperature Density, p,, 1040 kg m ™
. . I . . —1 —1
of particle population, characterising the temperature dis- Specific heat, ¢, 944Tkg K-
tribution of particles and expressed as zhermal conductivity, 36 Wm™ K
P
2
M(t M, (1 Gas: ai Densit 0.946 kg m 3
o’ (t) = () (M(0) = my(1) — m>(t) (51) as-ar neey: Pe smo
Mo(t) Mo(t) Specific heat, ¢, 1010 J kg™ K
Viscosity, i, 2.17 x 107> Pas
will be used. Thermal conductivity, ~ 2.39 x 1072
kg Wm 'K
6. Simulation results and discussion Wall: stainless steel  Mass, my, 145 kg
Specific heat, ¢y 4653 kg ' K!
. . . . Thermal conductivity, 502 Wm ™' K™!
The frequencies of particle—particle and particle-wall k Y
collisions depend on the void fraction of the bed, the par- Wall o] M .
. . . . all: glass ass, my, g
ticle size and the.: velocity of partlcles. pnder steady hydro- Specific heat, ¢, 503 Tkg ' K-
dynamic conditions the particle velocities depend to some Thermal conductivity, 0.8 Wm™' K~
extent on the temperature through the temperature depen- ky
depce of the den51Fy and v1sco.51ty of the carrier medlu‘m but Cooling medium: Density, p, 998 kg m >
this effect under given operational conditions is considered water Specific heat, ¢ 4182 kg 'K !
to be negligible. From the other side, the velocity of parti- Thermal conductivity, — 0.606 Wm™' K~
cles is a fluctuating quantity hence the frequencies of inter- ko .
particle and particle-wall collisions are characterised by Viscosity, fu 1.0 x 107" Pas
Table 1
Correlations for hydrodynamic and heat transfer parameters used in numerical experiments
Correlation Source Equation
Re,p=(33.7% + 0.04084r)'/> — 33.7 Wen and Yu [25] (T1)
= logﬂ(i ) g RIS Gumz and Fréssling In [26] (T2)
Nutg, = 0.01754r46 P33 Baskakov and Suprun [27] (T3)
Nuyy, = 0.023Re28 P Dittus—Boelter Correlation (T4)
1.28
Nu, = 0.054 (%) Richardson and Ayers [28] (TS)
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Table 3
Basic values of operating parameters used in numerical experiments

Parameter Basic value
Fluidized bed Diameter, D 0.65m
Height, H 0.9m
Particle volumetric flow 1.0 x 10> m?s™!
rate, qp
Gas volumetric flow 1.2x 107 'm?s™!
rate, qg
Gas-solid suspension Void fraction, ¢ 0.6

0.75 m
1.0x 103 m?s7!

Cooling jacket Diameter, D,
Water volumetric flow

rate, ¢

Since the support of random parameters wp, and wp,y, is
the compact interval [0, 1] these parameters were character-
ised by the beta distribution

1 —1 g-1
g @ (I—w)",
fo<w <1,

0, f0<w andif w, > 1

Jo (0) = 1 = pp, pw

(52)

including also the limiting degenerate distributions formed
by Dirac-delta density functions.

The input was generated as a step function of particles
of number ¢My;, and (1 — (bgMO,im 0 < ¢ <1, having
two different temperatures Té{in and Tfji)n, respectively,
which were totally segregated from each other as it is illus-
trated in Fig. 4a. Such temperature distribution is

described by the population distribution function

a T
A
E},max -
@ :
7;7,[n
O
Tl’,in
M, 0
p.min
¢M0Jn MO.in
Ni" (TP t) A
M 0,in '
1 —
o —
o)) (2)
Tp,min Tp,in T;,m 7;%"1!”‘ r

Fig. 4. (a) The input population of particles of two different temperatures
mixed in ratio ¢, and (b) the corresponding population distribution
function of temperature.

Nio(Tp, 1) = Mol (Ty — T Y + (1 = )Mol (T, — T,

p,mn p.in
0< o<1 (53)
shown in Fig. 4b from which the input population density
function has the form

Hia(Tp, 1) = dpMowd(Ty — ) + (1 — $)Mo3ud (T — TS

pin)’

0< <1, (54)

As a consequence, the mean value and variance of the tem-
perature of input particle population are given as

myjn = ﬁng,i)n +(1- d))Ti)z,i)n and
b =my —mt = (1 — )TV — TS ). (55)

The orders of magnitudes of the frequencies of particle—
particle and  particle-wall  collisions, given as
Spp = 0(10) = O(100) and Sy, = O(1) respectively, were
chosen according to the experimental data reported by
Sommerfeld [20,21] and Hamidipouret al. [22,23].

120~
1004
80
m 60
40+

204"

0=
0.4

d
P
x 10

Fig. 5. The mean temperature of particle population as a function of the
gas velocity and particle diameter.

Fig. 6. The variance of temperature of the particle population as a
function of the gas velocity and particle diameter.
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Numerical experimentation was carried out in MAT-
LAB environment by developing computer programs for
solving the set of ordinary differential equations (43)-
(45), (45)—(48) using the ODE solver odel5s of MATLAB.

The mean temperature of particles as a function of the
gas velocity and particle diameter is shown in Fig. 5, while
the dependence of the variance of temperature of particles,
obtained under the same operational conditions, and, in
essence, characterising the temperature inhomogeneities
of the particle population is seen in Fig. 6.

With increasing gas temperature the mean temperature
of particles is increased but, simultaneously, the variance
of temperature of the particle population. i.e. the tempera-
ture inhomogeneities of particles become also increased.
This unfavourable effect of increased variance is reduced
by the collisional particle—particle and particle-wall heat

400
Spp 600

10 Spw

Fig. 7. The variance of temperature of the particle population as a
function of frequencies of particle—particle and particle-wall collisions.

0.4 o @y
06 g ma
ml,(a,,,,

Fig. 8. The variance of temperature of the particle population as a
function of the mean values of random parameters of collisional particle—
particle and particle-wall heat transfers.
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Fig. 9. Variation of steady state temperatures of the system as a function
of the collisional particle-wall heat transfer.
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Fig. 10. Transients of the gas temperature as a function of (a) parameter
Spw and (b) parameter m ,, -
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Fig. 11. Transients of the mean temperature of particle population as a
function of (a) parameter S, and (b) parameter m, 4, .

transfers significantly as it is shown in Fig. 7 for different
frequencies of collisions keeping the heat transfer coeffi-
cients constant. Similar effects are seen in Fig. 8 where
the dependence of the variance of temperature of particle
population is shown as a function of the mean values of
random parameters wp, and wpy, characterising the inten-
sities of heat transfer processes occurring during collisions.
In these simulation runs the variances of random parame-
ters wpp, and wp,, were zero.

Figs. 7 and 8 illustrate well that the collisional particle—
particle and particle-wall heat transfers contribute to
homogenisation of the temperature of particle population
to a large extent. This homogenisation effect appears to
be especially important when such nonlinear temperature-
dependent processes with strong thermal effects, as cata-
Iytic reactions or drying of particles take place on the par-
ticles themselves. At the same time, collisional particle—
particle heat transfers no affect the mean temperature of
particle population at all. In fact, the collisional interparti-
cle heat transfer no influences the temperatures in the pro-
cessing system even in transient states as it can be

concluded directly from the model equations (43)—(45),
(45)—(48).

The collisional particle-wall heat transfer affects all tem-
peratures of the system significantly as it is illustrated by
the graphs presented in Fig. 9 for different mean values
of parameter wy,. In this case, the wall absorbs an
increased amount of heat so that division of the heat
between the population of particles and the wall occurs
for the good of wall.

Transients of the gas temperature and the mean temper-
ature of particle population as a function of parameters
Spw and m,, are presented in Figs. 10 and 11, showing
that the intensity of collisional particle-wall heat transfer
affects also the dynamic properties of the system. The
semi-logarithmic plots in Figs. 10 and 11 emphasize well
that under some conditions the transient processes of both
the gas temperature and the mean value of temperature of
particle population exhibit overshoots and even damped
oscillations that should be taken into account in developing
control systems for jacketed gas—solid fluidized beds.

7. Conclusions

A population balance model was developed for heat
transfer processes in gas—solid systems with intensive
motion of particles by means of which the distribution of
temperature of the particle population can be described
in detail. The population balance equation, characterising
the thermal behaviour of the particulate phase, was derived
as a special case of the population balance equation
derived for modelling interactive populations of disperse
systems of chemical engineering. Collisional particle—parti-
cle and particle-wall heat transfers are formulated as dis-
continuous heat exchange processes characterised by
means of random parameter models of two colliding
bodies while the gas—particle, gas—wall and wall-environ-
ment heat transfers are described as continuous processes.
It was shown that the wall can be treated as a second,
degenerate single element population in modelling heat
transfers induced by particle-wall collisions. In order to
focus on developing the population balance equations for
particle—particle and particle-wall collisional heat trans-
fers, a spatially homogeneous gas—solid vessel was applied
as a model system.

An infinite hierarchy of moment equations describing
the time evolution of moments of particle temperature
was derived from the population balance equation. This
infinite set of ordinary differential equations can be closed
at any order of moments so that, when continuous gas—
particle, gas—wall and wall-environment heat transfers
are modelled making use of linear forces, heat transfers
in fluid—solid particulate systems involving particle—particle
and particle-wall collisions can be described by means of
the moment equation model efficiently.

The properties of the model making use of describing
heat transfer processes in a gas fluidized bed with cooling
jacket were investigated by numerical experiments using
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the second order moment equation model. It was shown
that increasing gas velocity increases also the inhomogene-
ities of the temperature distribution of particles while
collisional particle—particle and particle-wall heat trans-
fers contribute to homogenisation of the temperature
of particle population to a large extent. The collisional
particle—particle heat transfer no affects the mean tempera-
ture of particle population and, in fact, no influences any of
temperatures in the system whilst the particle-wall colli-
sional heat transfer exhibits significant influence not only
on the steady state temperatures but on the transient pro-
cesses of the system as well.

The population balance model was developed under the
assumption of a spatially homogeneous gas-solid system
but it allows describing spatial distributions of gas and par-
ticle temperatures in processing units by means of compart-
mental models formed as networks of perfectly mixed gas—
solid cells as it was presented by Siile et al.[19] in modelling
fluid-solid heat exchangers.
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