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a Department of Process Engineering, University of Pannonia, P.O. Box 158, H-8200 Veszprém, Hungary
b Department of Computer Science, University of Pannonia, P.O. Box 158, H-8200 Veszprém, Hungary

c Department of Mathematics and Computing, University of Pannonia, P.O. Box 158, H-8200 Veszprém, Hungary

Received 14 November 2006; received in revised form 10 July 2007
Available online 11 December 2007
Abstract

A population balance model is derived for heat transfer processes in gas–solid systems with intensive motion of particles in order to
describe the temperature distribution of particulate phase. The model involves collisional particle–particle and particle–wall heat trans-
fers, and continuous gas–particle, gas–wall and wall–liquid environment heat transfer processes. Collisional heat transfers are character-
ised by collision frequencies and random heat exchange parameters with general probability distributions with support [0,1], describing
the heat transfer efficiency between the colliding solid bodies. An infinite hierarchy of moment equations, describing the time evolution of
moments of the temperature of particle population is derived from the population balance equation, which can be closed at any order of
moments. The properties of the model and the effects of parameters are examined by numerical experiments using the second order
moment equation model of a spatially homogeneous fluidized bed.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

In modelling heat transfer in gas–solid processing sys-
tems, five interphase thermal processes are to be consid-
ered: gas–particle, gas–wall, particle–particle, particle–
wall and wall–environment. In systems with intensive
motion of particles, the particle–particle and particle–wall
heat transfers occur through interparticle and particle–wall
collisions so that both experimental and modelling study of
these collisional processes is of primary interest.

Particle–particle and particle–wall heat transfers may
result from three mechanisms: heat transfers by radiation,
heat conduction through the contact points between the
collided bodies, and heat transfers through the gas lens at
the interfaces between the particles, as well as between
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the wall and particles collided with that. The first mecha-
nism seems to be negligible below temperature 600 �C
and will not be considered here. Heat conduction through
the contact points was modelled by Schlünder [1], Martin
[2] and Sun and Chen [3] developing analytical expressions
for particle–particle and particle–wall contacts. Often,
however, the conductive heat exchange can hardly be iso-
lated from the third mechanism occurring through the
gas lens at the interfaces of the colliding bodies. Based on
this mechanism, Delvosalle and Vanderschuren [4,5] devel-
oped a deterministic model for describing particle–particle
heat transfer, while a model for heat transfer through the
gas lens between a surface and particles was derived by
Molerus [6]. Blickle et al. [7] and Mihálykó et al. [8], based
on the assumption that most factors characterising the
simultaneous heat transfer through the contact point and
the gas lens are stochastic quantities described the colli-
sional interparticle heat transfer by means of an aggrega-
tive random parameter.
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Nomenclature

a surface area, m2

Ar Archimedes number ðAr ¼ gqgd3
pðqp � qgÞ=l2

gÞ
b conversion density function
B conversion distribution function
c specific heat, J kg�1 K�1

D diameter of the bed, m
Dl diameter of the cooling jacket, m
f density function
F distribution function
g acceleration of gravity, m s�2

G growth rate of particle temperature, K s�1

h heat transfer coefficient, W m�2 K�1

Kpg rate coefficient of temperature, s�1

(Kpg = hpgapg/(mpcp))
k thermal conductivity, W m�1 K�1

m mass, kg
Mk kth order moment of particle temperature
mk normalised kth order moment of particle tem-

perature
N number of particles
n population density function, no. m�3 K�1

N population distribution function, no. m�3

Nug Nusselt number for gas (=hgwD/kg)
Nul Nusselt number for liquid (=hlwD/kl)
O order of magnitude
pj weight parameter (= mkck/(mjcj + mkck))
pk weight parameter (= mjcj/(mjcj + mkck))
Prg Prandtl number for gas (=lgcg/kg)
Prl Prandtl number for liquid (=llcl/kl)
Q heat, J
q volumetric flow rate, m3 s�1

r source function
Reg Reynolds number for gas (=qgugD/lg)
Rel Reynolds number for liquid (=qlul(Dl � D)/ll)
Rep Reynolds number for particle (=qgugdp/lg)
S activity function, frequency of collisions
T temperature, K
t time, s

u superficial velocity, m s�1

V volume, m3

x vector of space variables
y variable
z variable
1 Heaviside function
h., .i scalar product of functions

Greek symbols

h contact time, s
h vector of random parameters
b beta function
q density, kg m�3

d Dirac-delta function
j parameter
x random parameter of heat transfer
u smooth function of compact support
l viscosity, Pa s
e void fraction of the bed
/ weight parameter (0 6 / 6 1)
r2 variance of particle temperature

Subscripts and superscripts

x random parameter
g gas
in input
l liquid
max maximal value
mf incipient velocity of fluidization
min minimal value
p particle
pg particle–gas
pp particle–particle
pw particle–wall
t entrainment velocity of fluidization
w wall
wg wall–gas
wl wall–liquid
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Various models have been used for making possible of
computing the effects of collisional heat transfer processes
in gas–solid systems with intensive motion of particles. Li
and Mason [9], simulating non-isothermal gas–solid two-
phase flow in pneumatic transport pipes by a distinct ele-
ment method (DEM) included both the particle–particle
and particle–wall heat transfer processes. Lathouwers and
Bellan [10] modelled the thermofluid dynamics of dense
gas–solid reactive mixtures in fluidised beds using a
multi-fluid approach and taking into consideration also
the effects of particle–particle heat transfer. Mansoori
et al. [11] modelled an upward vertical turbulent gas–solid
duct flow including the collisional particle–particle heat
transfer into a four-way interaction Eulerian–Lagrangian
computational scheme. An age distribution model was
applied by Burgschweiger and Tsotas [12] for describing
particle–particle heat transfer in modelling gas fluidised
bed drying. Zhou et al. [13] used the discrete element
method-large eddy simulation (DEM-LES) to model coal
combustion in a bubbling fluidised bed computing also col-
liding particle–particle heat transfer. Mihálykó et al. [14],
using a stochastic approach derived a population balance
model for heat transfer in gas–solid systems taking into
account the particle–particle heat transfer. Mansoori
et al. [15] included both the collisional particle–particle
and particle–wall heat transfer events into the four-way
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Fig. 1. Schematic diagram of a jacketed gas–solid fluidized bed.
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interaction Eulerian–Lagrangian model of gas–solid turbu-
lent flow in a riser. Chagras et al. [16] modelled turbulent
gas–solid flows in heated pipes using an Eulerian–Lagrang-
ian approach considering collisional heat transfer by con-
duction and handling interparticle collisions by means of
a probabilistic model. Lakatos et al. [17,18] and Süle
et al. [19] extended the population balance model for spa-
tially distributed systems, coupling the population balance
equation of particles with axial dispersion and compart-
mental models of particle flow.

Most of the works modelling explicitly heat transfer
processes by collisions handled also the particle–wall
heat transfer by deterministic models, using the analyti-
cal expressions of Sun and Chen [3] and Molerus [6].
The particle–wall contact characteristics, such as contact
time, contact angle and contact distance, as it was
shown by Sommerfeld [20,21] studying a turbulent
two-phase flow in a vertical channel by experiments
and simulation, and demonstrated by Hamidipour
et al. [22] experimentally applying radioactive particle
tracking in a gas–solid fluidised bed are, in principle,
of probabilistic nature. Therefore, the random parameter
heat transfer model [14,18] can also be applied for
describing heat exchange by particle–wall collisional
interactions, formulating in this way a comprehensive
population balance model for heat transfer processes
in non-isothermal gas–solid systems characterised by
intensive motion of particles.

In the present paper, the population balance model is
extended to describe also wall–particle heat transfer pro-
cesses by collisions, taking into account the gas–solid,
wall–gas and wall–environment heat transfers as well.
The modelling problem of a continuously operated gas–
solid system is considered in which both the gas and solid
phases are assumed to be well mixed. Using this approach,
a population balance model is developed for describing the
variation of the temperature distribution of particles, and
of the gas, wall and environment temperatures. An infinite
hierarchy of moment equations is derived, and a second
order moment equation model is applied to investigate
the properties of the model and to analyze the system heat
transfer processes by simulation.
2. Particle–particle and particle–wall heat transfer:

population balance equations

Consider a continuous gas–solid system into which par-
ticles of different temperatures are fed with constant volu-
metric flow rate qp, while the gas of given temperature
flows in with volumetric flow rate qg, as it is shown sche-
matically in Fig. 1. Heat exchange occurs between the
gas, particles and the wall, as well as between the process-
ing system and the environment through the wall where the
environment is represented by a continuously flowing finite
capacity liquid medium. Since we are interested only in
heat transfer phenomena we assume no mass transfer pro-
cesses as it usually takes place in particulate energy conver-
sion systems.

Let us assume that the particles, because of mechanical
or hydraulic mixing of the suspension are in intensive
motion in the gas phase so that the particle–particle and
particle–wall heat transfers occur only by collisions. There-
fore, this is a typical disperse system with interactive pop-
ulation of particles so that we can apply directly the
modelling approach presented by Lakatos et al. [17,18].

Additional assumptions concerning the system are as
follows.

(1) The particles are of constant size and are not changed
during the process.

(2) The temperature inside a particle is homogeneous.
(3) The system is operated under steady state hydrody-

namic conditions, and the influence of thermal
changes on the hydrodynamics is negligible.

(4) The heat transfer between the gas and particles, wall
and gas, as well as the wall and environment are con-
tinuous processes.

(5) There is no heat source inside the particles.
(6) The heat transfer by radiation is negligible.

Under such assumptions, the state of a particle is
formed by four external variables, the space coordi-
nates and time, and a single internal variable being
the particle temperature. However, now we focus
our attention on developing the population balance
model describing the heat transfer processes so that
we assume:

(7) Both the gas and particle phases, as well as the envi-
ronmental cooling or heating medium are perfectly
mixed.

A perfectly mixed vessel represents a spatially zero-
dimensional system therefore the state of a particle
(x,Tp, t), reduces to the pair of variables (Tp, t). As a con-
sequence, the state of the particle population is given by
the population density function n(Tp, t) which, in principle,
describes the temperature distribution of particles and the
expression n(Tp, t)dTp provides the number of particles in
a unit volume of system having temperature in the interval
(Tp,Tp + dTp) at time t.
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Fig. 2. Schematics of interactions of particle population in a continuous
gas–solid system with intensive motion of particles.
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Under such conditions, as it shown schematically in
Fig. 2, particles participate in gas–solid heat transfer, that
is a continuous local process, and simultaneously take part
in two non-local, non-continuous elementary heat
exchange processes: the first one occurs between the ele-
ments of the same particle population, while the second
process occurs between the elements of two different popu-
lations: the population of particles and the wall, being in
this case a degenerate single element population. Therefore
the population density function of the wall is given by the
Dirac-delta function nw(T, t) = d(T � Tw(t)) where Tw(t)
denotes the wall temperature at moment of time t. As a
consequence the population balance equation governing
the population density function of particles, derived as a
special case of the general form [18] is written as

V
onðT p; tÞ
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ð1Þ

where

NðtÞ ¼
Z T p;max

T p;min

nðT p; tÞdT p; ð2Þ

V is the volume of the system, and h denotes some vector of
random variables characterising the possible random ef-
fects on the source term of particles.

The first term on the right hand side of Eq. (1) describes
the variation of the population density function n(Tp, t) due
to gas–solid heat transfer where

Gpg
T ¼

dT pðtÞ
dt

¼ hpgapg

mpcp

ðT gðtÞ � T pðtÞÞ

¼ KpgðT gðtÞ � T pðtÞÞ ð3Þ

is the rate equation of the temperature of a particle of mass
mp immersed in the gas of temperature Tg.
The second and third terms on the right hand side of Eq.
(1) represent non-local changes of the population density
function due to interparticle collisions, while the third
and fourth terms describe the variation of n(Tp, t) as a
result of collisions of particles with the wall. Here, two dif-
ferent pairs of functions express the intensities of interac-
tions of particles with other particles and the wall,
respectively. Spp(Tpjz) denotes the activity function cha-
racterising the intensity of collision interactions between
the particles inducing discontinuous temperature changes
inside the particles, while bpp(y,Tpjz,xpp) is the conversion
density function describing the results of these events, i.e.
bpp(y,Tpjz,xpp)dTp expresses the fraction of particles that
become of temperature (Tp,Tp + dTp) as a result of colli-
sional heat transfer interactions of particles of temperature
y collided with particles of temperature z in a heat transfer
process characterised with random parameter xpp. The
activity and conversion density functions Spw(Tpjz) and
bpw(y,Tpjz,xpw) have similar interpretations for particles
with respect to particle–wall collisional heat transfer inter-
actions where now z denotes the wall temperature. In this
case, the result of a particle–wall heat transfer event is char-
acterised by the random variable xpw.

In the present system, the feed and withdrawal rates of
particles are the only source and sink terms which can be
written as Vr(Tp,tjz,h) = qp(t)nin(Tp, t) � qp(t)n(Tp, t) so
that the last term on the right hand side of Eq. (1) takes
the form
V
Z

H

1

NðtÞ

Z T p;max

T p;min

rðT p; tjz; hÞnðz; tÞdzF hðdh; tÞ

¼ qpðtÞninðT p; tÞ � qpðtÞnðT p; tÞ ð4Þ
where it was assumed that the feed and withdrawal rates of
particles do not depend on the particle population itself
and have no random components.

Since the population density function of the wall is, in
principle, the density function of a degenerate distribution
thus the population balance equation for that, i.e. the
counterpart of Eq. (1) for the ‘‘second population” could
be given only in weak formulation. Therefore, the popula-
tion balance equation for the wall is written as
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Fig. 3. Illustrations for collisional heat transfers (a) between two particles,
and (b) between a particle and the wall.
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+
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Z
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*
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+

ð5Þ

where u is some smooth function of variable T with a com-
pact support, and h.,.i denotes the scalar product in the
appropriate function space. Gwg

T and Gwl
T are continuous

rates of change of the wall temperature due to gas–wall
and wall–liquid environment heat transfers, respectively,
while the third and fourth terms on the right hand side
of Eq. (5) describe the variation of the wall temperature in-
duced by collisional heat transfer between the wall and
particles.

In order to close these model equations the constitutive
expressions for the activity functions Spp, Spw and Swp, as
well as for the conversion density functions bpp, bpw and
bwp have to be determined.

3. Constitutive expressions

The activity functions Spp, Spw and Swp which character-
ise the intensities of particle–particle and particle–wall
interactions are, in principle, products of the collision fre-
quencies Scol

pp ðT jT 0Þ; Scol
pwðT jT 0Þ and Scol

wpðT jT 0Þ, and heat
exchange terms Sex

ppðT jT 0Þ; Sex
pwðT jT 0Þ and Sex

wpðT jT 0Þ. Here,
the heat exchange terms express the ratios of collisions of
two bodies in which the collision event is associated with
equalization event of temperatures. In other words, the
heat exchange terms characterise the efficiency of collisions
with respect to heat transfer between the colliding bodies.
Since heat transfer deciding at this level on homogenisation
of temperature is a spontaneous process, i.e. it occurs in
each collision to some extent, thus the heat exchange terms
equal to unity identically: Sex

ppðT jT 0Þ ¼ Sex
pwðT jT 0Þ ¼ Sex

wp

ðT jT 0Þ � 1. As a consequence, SppðT jT 0Þ ¼ Scol
pp ðT jT 0Þ and

SpwðT jT 0Þ ¼ SwpðT jT 0Þ ¼ Scol
pwðT jT 0Þ. Note that the collision

frequency may depend on the temperature indirectly
through the temperature dependence of the density and vis-
cosity of the gas phase.

In order to develop the conversion density functions bpp,
bpw and bwp we consider an encounter of two solid bodies
of mass mj and mk, temperatures Tj and Tk, and heat capac-
ities cj and ck. If these bodies collide at moment of time
t = 0 and remain in contact for some time h then some heat
exchange occurs between them as it shown in Fig. 3.
Assuming that this heat transfer can be described by the
heat transfer coefficient h then the equations describing
the variation of temperatures of bodies are:
mjcj
dT jðtÞ

dt
¼ haðT kðtÞ � T jðtÞÞ ð6Þ

mkck
dT kðtÞ

dt
¼ �haðT kðtÞ � T jðtÞÞ ð7Þ

subject to the initial conditions

T jð0Þ ¼ T j0; T kð0Þ ¼ T k0 ð8Þ

The solutions of the first order differential equations (6)
and (7) at time h become

T jðhÞ ¼ T j0 þ
mkck

mjcj þ mkck
ðT k0 � T j0Þ

� 1� exp �hah
1

mjcj
þ 1

mkck

� �� 	
 �
¼ T j0 þ pjxðT k0 � T j0Þ ð9Þ

T kðhÞ ¼ T k0 �
mjcj

mjcj þ mkck
ðT k0 � T j0Þ

� 1� exp �hah
1

mjcj
þ 1

mkck

� �� 	
 �
¼ T k0 � pkxðT k0 � T j0Þ ð10Þ

where

x :¼ 1� exp �hah
mjcj þ mkck

mjcjmkck

� �� 	
;

pj ¼
mkck

mjcj þ mkck
and pk ¼

mjcj

mjcj þ mkck
:
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In Eqs. (9) and (10), parameters h, a and h are, in principle,
random quantities since the quality and area of contact, as
well as the contact time in such collisions may depend on a
number of random conditions. Indeed, this transfer process
is a combination of conduction through the contact point
and through the gas lens around the contact point, which
depend on the shapes and velocities of the colliding bodies.
As a consequence parameter x 2 [0,1], characterising the
efficiency of heat exchange between the colliding bodies is
a random function of the parameters h, a and h, and its dis-
tribution is entirely determined by their distribution func-
tions. The changes of temperatures of the bodies induced
by the collisions are given by Eqs. (9) and (10), respectively.

Let us now assume that the two bodies suffering colli-
sions are two particles with equal masses and heat capaci-
ties. Then, mjcj = mkck = mpcp and pj ¼ pk ¼ 1

2
. Introducing

the notation T j0 ¼ T 0p, T k0 ¼ T 00p we can write

x :¼ xpp ¼ 1� exp
�2hppapphpp

mpCp

� 	
and

T pðhÞ ¼ T 0p þ ðT 00p � T 0pÞ �
xpp

2
ð11Þ

from which

2 T p � T 0p
� 

xpp

þ T 0p ¼ T 00p: ð12Þ

Interpretation of Eq. (12) is that in heat transfer process
characterised with parameter xpp a particle with tempera-
ture T 0p has to collide with particle of temperature T 00p to
achieve final temperature Tp. Taking now into consider-
ation the definitions of conversion functions, the conver-
sion distribution function of particle–particle heat
transfer takes the form

BppðT 0p; T pjT 00p;xppÞ ¼ 1T p

2 T p � T 0p
� 

xpp

þ T 0p

0
@

1
A� T 00p

2
4

3
5
ð13Þ

so that the corresponding density function is

bppðT 0p; T pjT 00p;xppÞ ¼ dT p

2 T p � T 0p
� 

xpp

þ T 0p

0
@

1
A� T 00p

2
4

3
5 2

xpp

:

ð14Þ

When a particle and the wall are two colliding bodies, as it
shown in Fig. 3b, then denoting mjcj ¼ mpcp; mkck ¼ mwcw;
pj ¼ pp ¼ mwcw

mpcpþmwcw
; pk ¼ pw ¼

mpcp

mpcpþmwcw
; T j0 ¼ T 0p and

T k0 ¼ T 0w we can write

x :¼ xpw ¼ xwp ¼ 1� exp
�hpwapwhpw mpcp þ mwcw

� �
mpcpmwcw

� 	
:

ð15Þ

Expression (10) is written as

T pðhÞ ¼ pwxpwðT 0w � T 0pÞ þ T 0p ð16Þ
from which

T p � T 0p
pwxpw

þ T 0p ¼ T 0w: ð17Þ

Eq. (17) expresses the fact that in heat transfer process be-
tween a particle and the wall, characterised with parameter
xpw, the temperature T 0p of the particle becomes Tp if the
temperature of the wall was T 0w. As a consequence, the con-
version distribution function of the particle–wall heat
transfer for particles takes the form

BpwðT 0p; T pjT 0w;xpwÞ ¼ 1T p

T p � T 0p
pwxpw

þ T 0p

� �
� T 0w

� 	
ð18Þ

thus the density function becomes

bpwðT 0p; T pjT 00w;xpwÞ ¼ dT p

T p � T 0p
pwxpw

þ T 0p

� �
� T 0w

� 	
1

pwxpw

:

ð19Þ

Finally, in the particle–wall collisional heat transfer we
consider the process from the side of the wall. Now expres-
sion (10) is rewritten as

T w � T 0w
ppxpw

þ T 0w ¼ T 0p: ð20Þ

based on which, since the change of the wall temperature is
related to Tw(t) which is fixed at the moment t the conver-
sion distribution function becomes

BwpðT 0w; T wjT 0p;xwpÞ ¼ 1T w

T w � T 0w
ppxwp

þ T 0w

 !
� T 0p

" #
ð21Þ

while the conversion density function

bwpðT 0w; T wjT 0p;xwpÞ ¼ dT w

T w � T 0w
ppxwp

þ T 0w

 !
� T 0p

" #
1

ppxwp

:

ð22Þ

At this moment all constitutive expressions of Eqs. (1) and
(5) have been derived and the heat balance model of the
process, applying the population balance equations (1)
and (5) can be determined.
4. Population balance model

Let us assume that the collision frequencies, depending
on the hydrodynamic and load conditions, are constant.
Then, substituting the conversion density functions (14)
and (19) into Eq. (1), taking into account relations (3)
and (4) and the properties of Dirac-delta function we
obtain
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Xpw

Spw

pwxpw

Z T w;max

T w;min

Z T p;max

T p;min

d
T p � y
pwxpw

þ y
� �

� z
� 	

� nðy; tÞdy nwðz; tÞdzF xpw ðdxpwÞ ð23Þ

The heat balance equation for the wall is derived from Eq.
(5) where the power functions Tk, k = 0,1,2, . . . can be se-
lected as test functions u in the compact interval
[Tw,min,Tw,max] leading to the moments of the Dirac-delta
function representing the ‘‘population density function”

of the wall:

T k; d T � T wðtÞ½ �
� �

¼
Z T w;max

T w;min

T kd T � T wðtÞ½ �dT ;

k ¼ 0; 1; 2; . . . ð24Þ

from which the first order moment provides the wall tem-
perature Tw.

The first term on the right hand side of Eq. (5), describ-
ing the continuous gas–wall heat transfer with linear force
becomes

T ;
o

oT
Gwg

T ðT Þd T � T wðtÞ½ �ð Þ
� �

¼
Z T w;max

T w;min

T
o

oT
Gwg

T ðT Þd T � T wðtÞ½ �ð ÞdT

¼ TGwg
T ðT Þd½T � T wðtÞ�jT w;max

T w;min

�
Z T w;max

T w;min

Gwg
T ðT Þd T � T wðtÞ½ �dT

¼ �Gwg
T T wðtÞ½ � ð25Þ

that generates in the interval of time (t, t + dt)

dQwg ¼ hwgawgðT gðtÞ � T wðtÞÞdt ð26Þ

change in the heat absorbed by the wall. The effect of the
wall–environment heat transfer can be formulated similarly
what provides the expression

dQwl ¼ �hwlawlðT wðtÞ � T lðtÞÞdt ð27Þ

for that case.
As regards the effects of the particle–wall heat transfer,

particle–wall collisions induce small jump-like changes in
the wall temperature the results of which for the whole
population are expressed by the mean temperature of the
wall as
� T ;
Z

Xwp

Z T p;max

T p;min

Z T w;max

T w;min

SwpðT wjzÞbwpðT w; yjz;xwpÞ
*

� nðz; tÞdznwðT ; tÞdyF xwp
ðdxwpÞ

+

þ T ;
Z

Xwp

Z T p;max

T p;min

Z T w;max

T w;min

SwpðyjzÞbwpðy; T jz;xwpÞ
*

� nðz; tÞdznwðy; tÞdy F xwpðdxwpÞ
+

ð28Þ

Substituting expression (22) for bwp into Eq. (28) and rear-
ranging we obtain

� T ;
Z

Xwp

Swp

Z T p;max

T p;min

Z T w;max

T w;min

d
y � T w

ppxwp

þ T w

 !
� z

" #*

� 1

ppxwp

nðz; tÞdznwðT ; tÞdyF xwp
ðdxwpÞ

+

þ T ;
Z

Xwp

Swp

Z T p;max

T p;min

Z T w;max

T w;min

d
T � y
ppxwp

þ y

 !
� z

" #*

� 1

ppxwp

nðz; tÞdznwðy; tÞdyF xwp
ðdxwpÞ

+

¼
Z

Xwp

Swpppxwp

Z T p;max

T p;min

ðT p � T wðtÞÞnðT p; tÞdT pF xwpðdxwpÞ

¼ �Swpppm1;xwp T wðtÞM0ðtÞ �M1ðtÞð Þ ð29Þ

From the other side, collision of a particle of temperature
Tp with the wall of temperature Tw induces change of value
mwcwppxpw(Tp � Tw(t)) in the heat of the wall so that the
total amount of heat exchanged between the wall and par-
ticles of a unit volume of suspension is expressed as

dQwp ¼ mwcwSwpppxwpðT p � T wðtÞÞnðT p; tÞdT p dt: ð30Þ

As a consequence, the heat balance equation for the wall
takes the form

mwcw
dT wðtÞ

dt
¼ hwgawgV eðT gðtÞ � T wðtÞÞ � hwlawlV lðT wðtÞ � T lðtÞÞ

� VSwpmwcw

Z
Xpw

Z T p;max

T p;min

ppxwpðT p � T wðtÞÞnðT p; tÞdT pF xwpðdxwpÞ

ð31Þ

where the first and second terms on the right hand side de-
scribe the total heat fluxes between the wall and the gas and
liquid, respectively, while the last term represents the total
heat flux between the entire population of particles and the
wall.

The heat flux between the gas and particles taken from
the temperature interval (Tp,Tp + dTp) in a unit volume
of suspension at time t is expressed as

hpgapgðT gðtÞ � T pÞnðT p; tÞdT p ð32Þ
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where hpgapg(Tg(t) � Tp) denotes the heat flux between a
single particle and the gas. Therefore, the total heat trans-
fer between the gas and the entire particle population im-
mersed in gas is given as

Vhpgapg

Z T p;max

T p;min

ðT gðtÞ � T pðtÞÞnðT p; tÞdT p: ð33Þ

so that the heat balance equation for the gas phase takes
the form

V qgcge
dT gðtÞ

dt
¼ qgqgcgðT g;inðtÞ � T gðtÞÞ � hwgawgV eðT gðtÞ � T wðtÞÞ

� Vhpgapg

Z T p;max

T p;min

ðT gðtÞ � T pÞnðT p; tÞdT p ð34Þ

where the first term on the right hand side describes the in-
put–output process, the second and third terms, represent-
ing, respectively, the gas–wall and gas–particle population
heat transfer fluxes are of the forms given by Eqs. (26)
and (33).

Finally, based on similar considerations as Eq. (34), the
heat balance equation for the cooling or heating medium
playing the role of the environment of the system takes
the form

V lqlcl

dT lðtÞ
dt
¼ qlqlclðT l;inðtÞ � T lðtÞÞ � hwlawlV lðT lðtÞ � T wðtÞÞ:

ð35Þ
The set of Eqs. (23), (31), (34) and (35) subject to the
boundary conditions

ðGpg
T nðT p; tÞÞjT p;minþ

¼ 0 and

ðGpg
T nðT p; tÞÞjT p;max� ¼ 0 ð36Þ

and the initial conditions

nðT p; 0Þ ¼ n0ðT pÞ; T wð0Þ ¼ T w0;

T gð0Þ ¼ T g0; T lð0Þ ¼ T l0 ð37Þ

provides the population balance model of heat transfer
processes of the system. In order to investigate the proper-
ties of the model by means of simulation next the moment
equation model will be derived for the moments of temper-
ature of the particle population.

5. Moment equation model

Introducing the moments of the temperature of particle
population, expressed as

MkðtÞ ¼
Z T p;max

T p;min

T k
pnðT p; tÞdT p; k ¼ 0; 1; 2; . . . ð38Þ

we can derive an infinite set of the moment equations of the
system. Indeed, multiplying both sides of Eq. (23) by
T k

p; k ¼ 0; 1; 2 . . . and integrating over the interval
[Tp,min,Tp,max] after some suitable transformations we get
the following system of ordinary differential equations:
dMkðtÞ
dt

¼
qp

V
ðMk;inðtÞ �MkðtÞÞ þ kKpgðMk�1ðtÞT gðtÞ �MkðtÞÞ

þ Spp

M0ðtÞ
Xk

j¼0

bpp
j;kMjðtÞMk�jðtÞ þ Spw

Xk

j¼0

bpw
j;k MjðtÞT k�j

w ðtÞ;

k ¼ 0; 1; 2; . . . ð39Þ
subject to the initial conditions

Mkð0Þ ¼ Mk;0; k ¼ 0; 1; 2; . . . ð40Þ

where

bpp
j;k ¼

Z 1

0

k

j

 !
xpp

2

� j
1� xpp

2

� k�j
F xppðdxppÞ;

k ¼ 0; 1; 2; . . . ; j ¼ 1; 2; . . . k ð41Þ

bpw
j;k ¼

Z 1

0

k

j

 !
ð1� pwxpwÞjðpwxpwÞk�jF xpwðdxpwÞ;

k ¼ 0; 1; 2; . . . ; j ¼ 1; 2; . . . k ð42Þ

As a consequence, the equations of the moment equation
model for the wall, gas and the environment are written
as:
dT gðtÞ
dt

¼
qg

V e
ðT g;inðtÞ � T gðtÞÞ �

hwgawg

qgcg

ðT gðtÞ � T wðtÞÞ

� hpgapg

qgcge
ðM0ðtÞT gðtÞ �M1ðtÞÞ ð43Þ

dT wðtÞ
dt

¼ hwgawgV e
mwcw

ðT f ðtÞ � T wðtÞÞ

� hwlawlV l

mwcw

ðT wðtÞ � T lðtÞÞ

� VSwpppm1;xwpðM1ðtÞ �M0ðtÞT wðtÞÞ ð44Þ

dT lðtÞ
dt
¼ ql

V l

ðT l;inðtÞ � T lðtÞÞ �
hwlawl

qlcl

ðT lðtÞ � T wðtÞÞ: ð45Þ
The set of moment equations (39) form an infinite hierar-
chy, but, due to the linear nature of the rate of changes
of the particle temperature, this set can be closed at any or-
der so that the moment equation model consisting of Eqs.
(39), (43), (44) and (45) is, in principle, closed. However,
for computing the heat balance Eqs. (43)–(45) we need only
the zero and first order moments while the second and
higher order moments can be used to characterise the tem-
perature distribution of particles. Here, the set of recursive
differential equation (39) is closed at the second order mo-
ment, deriving in this way a second order moment equation
model for analysing the total heat balance of gas–solid sys-
tem and the variance of the temperature of particle
population:



Table 2
Basic values of physical and thermal parameter used in numerical
experiments

Parameter Basic value

Solid particle: alumina Diameter, dp 1.8 � 10�3 m
Density, qp 1040 kg m�3

Specific heat, cp 944 J kg�1 K�1

Thermal conductivity,
kp

36 W m�1 K�1

Gas: air Density, qg 0.946 kg m�3

Specific heat, cg 1010 J kg�1 K�1

Viscosity, lg 2.17 � 10�5 Pa s
Thermal conductivity, 2.39 � 10�2

�1 �1
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dM0ðtÞ
dt

¼
qp

V
ðM0;inðtÞ �M0ðtÞÞ ð46Þ

dM1ðtÞ
dt

¼
qp

V
ðM1;inðtÞ �M1ðtÞÞ þ KpgðM0ðtÞT gðtÞ �M1ðtÞÞ

þ Spwpwm1;xpw ðM1ðtÞ � T wðtÞM0ðtÞÞ ð47Þ
dM2ðtÞ

dt
¼

qp

V
ðM2;inðtÞ �M2ðtÞÞ þ 2KpgðM1ðtÞT gðtÞ �M2ðtÞÞ

þ Sppjpp
M2

1ðtÞ
M0ðtÞ

�M2ðtÞ
� �

þ 2Spwpwm1;xpw ðT wðtÞM1ðtÞ �M2ðtÞÞ

þ Spwp2
wm2;xpw ðM2ðtÞ � 2T wðtÞM1ðtÞ þ T 2

wðtÞM0ðtÞÞ ð48Þ

where the coefficients of terms representing the collisional
particle–particle and particle–wall heat transfers are ex-
pressed by means of expectations and variances of random
parameters xpp and xpw. In Eq. (48), we have

jpp ¼ m1;xpp 1�
m1;xpp

2

� 
�

r2
xpp

2
: ð49Þ

In assessing the simulation results, often the normalised
moments are used which can be computed from moments
(39) as

mkðtÞ ¼
MkðtÞ
M0ðtÞ

; k ¼ 0; 1; 2 . . . ð50Þ

Here, the first order moment m1(t) provides the mean tem-
perature of the particle population. Besides, knowing the
first three leading moments the variance of the temperature
of particle population, characterising the temperature dis-
tribution of particles and expressed as

r2ðtÞ ¼ M2ðtÞ
M0ðtÞ

� M1ðtÞ
M0ðtÞ

� �2

¼ m2ðtÞ � m2
1ðtÞ ð51Þ

will be used.

kg W m K

Wall: stainless steel Mass, mw 145 kg
Specific heat, cw 465 J kg�1 K�1

Thermal conductivity,
kw

50.2 W m�1 K�1

Wall: glass Mass, mw 47 kg
Specific heat, cw 503 J kg�1 K�1

Thermal conductivity,
kw

0.8 W m�1 K�1

Cooling medium:
water

Density, ql 998 kg m�3

Specific heat, cl 4182 J kg�1 K�1

Thermal conductivity,
kl

0.606 W m�1 K�1

Viscosity, ll 1.0 � 10�3 Pa s
6. Simulation results and discussion

The frequencies of particle–particle and particle–wall
collisions depend on the void fraction of the bed, the par-
ticle size and the velocity of particles. Under steady hydro-
dynamic conditions the particle velocities depend to some
extent on the temperature through the temperature depen-
dence of the density and viscosity of the carrier medium but
this effect under given operational conditions is considered
to be negligible. From the other side, the velocity of parti-
cles is a fluctuating quantity hence the frequencies of inter-
particle and particle–wall collisions are characterised by
Table 1
Correlations for hydrodynamic and heat transfer parameters used in numerica

Correlation Sou

Remf = (33.72 + 0.0408Ar)1/2 � 33.7 We
1

Ret
¼ 21:35

log e
0:065ð Þ

1
Ar þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2:78�2:556e

Ar

q
Gu

Nugw ¼ 0:0175Ar0:46Pr0:33
g Bas

Nulw ¼ 0:023Re0:8
lw Pr0:3

l Dit

Nup ¼ 0:054
Rep

e

� 1:28
Ric
probability distributions either according to the kinetic the-
ory [20,24] or to experimentally derived distributions
[21–23]. Taking into account this influence by randomiza-
tion of the integral terms in Eq. (1) gives again constant fre-
quencies under given hydrodynamic conditions since these
quantities are not correlated with the remaining variables
in the integrals.

In numerical experiments, the hydrodynamic properties
of the fluidized bed were computed using correlations given
by Eqs. (T1) and (T2), listed in Table 1, while the gas–wall,
wall–liquid and gas–particle heat transfer coefficients, all
based on physical properties of materials and the void frac-
tion of the bed were computed using Eqs. (T3)–(T5), also
listed in Table 1.

The values of process parameters were taken constant
using their basic values shown in Tables 2 and 3 except
the parameter the effects of which on the heat transfer pro-
cesses were actually examined.
l experiments

rce Equation

n and Yu [25] (T1)

mz and Frössling In [26] (T2)

kakov and Suprun [27] (T3)

tus–Boelter Correlation (T4)

hardson and Ayers [28] (T5)



Table 3
Basic values of operating parameters used in numerical experiments

Parameter Basic value

Fluidized bed Diameter, D 0.65 m
Height, H 0.9 m
Particle volumetric flow
rate, qp

1.0 � 10�3 m3 s�1

Gas volumetric flow
rate, qg

1.2 � 10�1 m3 s�1

Gas–solid suspension
Cooling jacket

Void fraction, e 0.6
Diameter, Dl 0.75 m
Water volumetric flow
rate, ql

1.0 � 10�3 m3 s�1
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Since the support of random parameters xpp and xpw is
the compact interval [0, 1] these parameters were character-
ised by the beta distribution

fxiðxÞ ¼

1
bðp;qÞx

p�1
i ð1� xiÞq�1

;

if 0 < xi < 1;

0; if 0 6 xi and if xi P 1

8><
>: i ¼ pp; pw

ð52Þ
including also the limiting degenerate distributions formed
by Dirac-delta density functions.

The input was generated as a step function of particles
of number /M0,in and (1 � /)M0,in, 0 6 / 6 1, having
two different temperatures T ð1Þp;in and T ð2Þp;in, respectively,
which were totally segregated from each other as it is illus-
trated in Fig. 4a. Such temperature distribution is
described by the population distribution function
)1(
,inpT

T

)2(
,inpT

inM ,0φ inM ,0

0M

max,pT

minpT ,

)1(
,inpT T)2(

,inpT

φ

1

minpT , maxpT ,

in

pin

M

tTN

,0

)(

Fig. 4. (a) The input population of particles of two different temperatures
mixed in ratio /, and (b) the corresponding population distribution
function of temperature.
N inðT p; tÞ ¼ /M0;in1ðT p � T ð1Þp;inÞ þ ð1� /ÞM0;in1ðT p � T ð2Þp;inÞ;
0 6 / 6 1 ð53Þ

shown in Fig. 4b from which the input population density
function has the form

ninðT p; tÞ ¼ /M0;indðT p � T ð1Þp;inÞ þ ð1� /ÞM0;indðT p � T ð2Þp;inÞ;
0 6 / 6 1: ð54Þ

As a consequence, the mean value and variance of the tem-
perature of input particle population are given as

m1;in ¼ /T ð1Þp;in þ ð1� /ÞT ð2Þp;in and

r2
in ¼ m2 � m2

1 ¼ /ð1� /ÞðT ð1Þp;in � T ð2Þp;inÞ
2
: ð55Þ

The orders of magnitudes of the frequencies of particle–
particle and particle–wall collisions, given as
Spp = O(10) � O(100) and Spw = O(1) respectively, were
chosen according to the experimental data reported by
Sommerfeld [20,21] and Hamidipouret al. [22,23].
Fig. 5. The mean temperature of particle population as a function of the
gas velocity and particle diameter.

Fig. 6. The variance of temperature of the particle population as a
function of the gas velocity and particle diameter.
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Numerical experimentation was carried out in MAT-
LAB environment by developing computer programs for
solving the set of ordinary differential equations (43)–
(45), (45)–(48) using the ODE solver ode15s of MATLAB.

The mean temperature of particles as a function of the
gas velocity and particle diameter is shown in Fig. 5, while
the dependence of the variance of temperature of particles,
obtained under the same operational conditions, and, in
essence, characterising the temperature inhomogeneities
of the particle population is seen in Fig. 6.

With increasing gas temperature the mean temperature
of particles is increased but, simultaneously, the variance
of temperature of the particle population. i.e. the tempera-
ture inhomogeneities of particles become also increased.
This unfavourable effect of increased variance is reduced
by the collisional particle–particle and particle–wall heat
Fig. 7. The variance of temperature of the particle population as a
function of frequencies of particle–particle and particle–wall collisions.

Fig. 8. The variance of temperature of the particle population as a
function of the mean values of random parameters of collisional particle–
particle and particle–wall heat transfers.

Fig. 9. Variation of steady state temperatures of the system as a function
of the collisional particle–wall heat transfer.

Fig. 10. Transients of the gas temperature as a function of (a) parameter
Spw and (b) parameter m1;xpw .



Fig. 11. Transients of the mean temperature of particle population as a
function of (a) parameter Spw and (b) parameter m1;xpw .
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transfers significantly as it is shown in Fig. 7 for different
frequencies of collisions keeping the heat transfer coeffi-
cients constant. Similar effects are seen in Fig. 8 where
the dependence of the variance of temperature of particle
population is shown as a function of the mean values of
random parameters xpp and xpw, characterising the inten-
sities of heat transfer processes occurring during collisions.
In these simulation runs the variances of random parame-
ters xpp and xpw were zero.

Figs. 7 and 8 illustrate well that the collisional particle–
particle and particle–wall heat transfers contribute to
homogenisation of the temperature of particle population
to a large extent. This homogenisation effect appears to
be especially important when such nonlinear temperature-
dependent processes with strong thermal effects, as cata-
lytic reactions or drying of particles take place on the par-
ticles themselves. At the same time, collisional particle–
particle heat transfers no affect the mean temperature of
particle population at all. In fact, the collisional interparti-
cle heat transfer no influences the temperatures in the pro-
cessing system even in transient states as it can be
concluded directly from the model equations (43)–(45),
(45)–(48).

The collisional particle–wall heat transfer affects all tem-
peratures of the system significantly as it is illustrated by
the graphs presented in Fig. 9 for different mean values
of parameter xpw. In this case, the wall absorbs an
increased amount of heat so that division of the heat
between the population of particles and the wall occurs
for the good of wall.

Transients of the gas temperature and the mean temper-
ature of particle population as a function of parameters
Spw and m1;xpw are presented in Figs. 10 and 11, showing
that the intensity of collisional particle–wall heat transfer
affects also the dynamic properties of the system. The
semi-logarithmic plots in Figs. 10 and 11 emphasize well
that under some conditions the transient processes of both
the gas temperature and the mean value of temperature of
particle population exhibit overshoots and even damped
oscillations that should be taken into account in developing
control systems for jacketed gas–solid fluidized beds.

7. Conclusions

A population balance model was developed for heat
transfer processes in gas–solid systems with intensive
motion of particles by means of which the distribution of
temperature of the particle population can be described
in detail. The population balance equation, characterising
the thermal behaviour of the particulate phase, was derived
as a special case of the population balance equation
derived for modelling interactive populations of disperse
systems of chemical engineering. Collisional particle–parti-
cle and particle–wall heat transfers are formulated as dis-
continuous heat exchange processes characterised by
means of random parameter models of two colliding
bodies while the gas–particle, gas–wall and wall–environ-
ment heat transfers are described as continuous processes.
It was shown that the wall can be treated as a second,
degenerate single element population in modelling heat
transfers induced by particle–wall collisions. In order to
focus on developing the population balance equations for
particle–particle and particle–wall collisional heat trans-
fers, a spatially homogeneous gas–solid vessel was applied
as a model system.

An infinite hierarchy of moment equations describing
the time evolution of moments of particle temperature
was derived from the population balance equation. This
infinite set of ordinary differential equations can be closed
at any order of moments so that, when continuous gas–
particle, gas–wall and wall–environment heat transfers
are modelled making use of linear forces, heat transfers
in fluid–solid particulate systems involving particle–particle
and particle–wall collisions can be described by means of
the moment equation model efficiently.

The properties of the model making use of describing
heat transfer processes in a gas fluidized bed with cooling
jacket were investigated by numerical experiments using
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the second order moment equation model. It was shown
that increasing gas velocity increases also the inhomogene-
ities of the temperature distribution of particles while
collisional particle–particle and particle–wall heat trans-
fers contribute to homogenisation of the temperature
of particle population to a large extent. The collisional
particle–particle heat transfer no affects the mean tempera-
ture of particle population and, in fact, no influences any of
temperatures in the system whilst the particle–wall colli-
sional heat transfer exhibits significant influence not only
on the steady state temperatures but on the transient pro-
cesses of the system as well.

The population balance model was developed under the
assumption of a spatially homogeneous gas–solid system
but it allows describing spatial distributions of gas and par-
ticle temperatures in processing units by means of compart-
mental models formed as networks of perfectly mixed gas–
solid cells as it was presented by Süle et al.[19] in modelling
fluid–solid heat exchangers.
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